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Abstract
The splitting number of a plane irreducible curve for a Galois cover
is effective to distinguish the embedded topologies of plane curves. In
this paper, we define a connected number of any plane curve for a
Galois cover whose branch divisor has no common components with
the plane curve, which is similar to the splitting number. We classify
the embedded topology of Artal arrangements of degree b ≥ 4 by
the connected number, where an Artal arrangement of degree b is a
plane curve consisting of one smooth curve of dgree b and three total
inflectional tangents.
1 Introduction
In this paper, we study the embedded topologies of plane curves based on
the ideas used in [5] and [17]. Here a plane curve C is a reduced divisor
on the complex projective plane P2 := P2
C
, and the embedded topology of
the plane curve C is the homeomorphism class of the pair (P2, C). We call
the homeomorphism class of the pair (T (C), C) the combinatorics of a plane
curve C, where T (C) is a tubular neighborhood T (C) of C. It is obvious
that the combinatorics of a plane curve is an invariant of the embedded
topology. Moreover, it is known that the combinatorics of two plane curves
C1, C2 are same if and only if C1 and C2 are equisingular (see [3, Remark 3] for
detail). Hence the combinatorics gives a simple classification of the embedded
topologies. However, a result of Zariski in [20] showed that the classification
by the combinatorics is coarse, i.e., the combinatorics does not determine the
embedded topologies.
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The aim of this paper is to give a finer classification of the embedded
topology of plane curves than the one by the combinatorics. Our strategy
for the aim above consists of the following two steps (see [3, pp.5] for other
strategies);
(i) choosing an invariant of the embedded topologies of plane curves, and
(ii) proving the existence of a plane curve with a given combinatorial type
and an expected value of the invariant.
As the consequence of the step (ii), we obtain a k-plet (C1, . . . , Ck) of k plane
curves for some integer k ≥ 2 such that, for any i 6= j, the combinatorics
of Ci and Cj are same, but their embedded topologies are different. We call
such a k-plet a Zariski k-plet, and Zariski pair if k = 2. The step (ii) is
equivalent to discover a Zariski k-plet by the chosen invariant.
For the step (i) above, the classical invariant is the fundamental group
of the complement of a plane curve. Many Zariski pairs discovered by using
the fundamental groups as Zariski [20] (cf. [3, 13, 15, 19]). Some invariants
different from the fundamental group are chosen in the step (i) above: Artal,
Cogolludo and Carmona proved that the braid monodromy is a topological
invariant of certain plane curves in [2], and there is a complement-equivalent
Zariski pair whose embedded topologies are distinguished by the braid mon-
odromy ([3]). In [10], Guerville and Meilhan defined an invariant of the em-
bedded topology of plane curves, called the linking set ; and they discovered
a Zariski pair of line arrangements. In this paper, we give a new topological
invariant, called a connected number. This invariant is based on the following
studies about splitting curves :
Artal and Tokunaga studied splitting curves for double covers to prove
difference of the fundamental group in [4]. Bannai defined the splitting type
of splitting curves, and gives a method to prove the difference of embedded
topologies of plane curves not through the fundamental group in [5]. In [17],
the author defined the splitting number of irreducible curves for Galois covers
based on Bannai’s idea; and by using the splitting number, he proved that
the π1-equivalent equisingular curves defined by Shimada in [16] provide π1-
equivalent Zariski k-plets. This result shows importance of study of splitting
curves to distinguish embedded topology of plane curves.
In this paper, we define the connected number of plane curves (not nec-
essarily irreducible) for Galois covers, which is an invariant under certain
homeomorphisms from P2 to itself (see Definition 2.1 and Proposition 2.3).
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The connected number is similar to the splitting number, but not its gen-
eralization (see Remark 2.2). We give a method to compute the connected
number of certain plane curves for cyclic covers (see Theorem 2.4 and Corol-
lary 2.5). Finally, we classify the embedded topologies of Artal arrangements
of degree b ≥ 4 by the connected number, i.e., we give Zariski k-plets of Artal
arrangements of b ≥ 4, where an Artal arrangement of degree b is a plane
curve consisting of one smooth curve of degree b and three lines (the Artal
arrangement of degree 3 was first studied by Artal [1], see Section 4 for detai).
2 Connected number
In this section, we define the connected number of plane curves for Galois
covers (Definition 2.1), and state the main results about the connected num-
ber for cyclic covers (Theorem 2.4 and Corollary 2.5).
Definition 2.1. Let Y be a smooth variety, and let φ : X → Y be a Galois
cover branched along B. Let C ⊂ Y be an algebraic subset of Y such that all
irreducible components of C are not contained in B, and C \B is connected.
We call the number of connected components of φ−1(C \ B) the connected
number of C for φ, and denote it by cφ(C).
Remark 2.2. (i) It is obvious that the connected number cφ(C) divides
the degree of φ.
(ii) For an irreducible plane curve C ⊂ P2, we have cφ(C) ≤ sφ(C), where
sφ(C) is the splitting number of C for φ. There exists a nodal irre-
ducible plane curve C with a contact conic ∆ such that sφ(C) = 2 and
cφ(C) = 1 for the double cover φ : X → P
2 branched at ∆ (see [7]). If
C is non-singular, then cφ(C) = sφ(C).
By [17, Proposition 1.3], we obtain the following proposition.
Proposition 2.3. Let Bi (i = 1, 2) be reduced divisors on a smooth variety
Y , and let G be a finite group. For each i = 1, 2, let φi : Xi → Y be the
G-cover induced by a surjection θi : π1(Y \Bi)։ G. Let C1 be an algebraic
subset of Y such that all irreducible components of C1 are not contained in
B1, and C1 \ B1 is connected. Assume that there exists a homeomorphism
h : Y → Y with h(B1) = B2 and an automorphism σ : G → G such that
σ ◦ θ2 ◦ h∗ = θ1. Then cφ1(C1) = cφ2(C2), where C2 = h(C1).
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For a plane curve B ⊂ P2 and a cyclic cover φ : X → P2 induced by a
surjection θ : π1(P
2 \B)։ Z/mZ, let Bθ denote the following divisor:
Bθ :=
m−1∑
i=1
i · Bi,
where Bi is the sum of irreducible components whose meridians are mapped
to [i] ∈ Z/mZ by θ for each i = 1, . . . , m−1. In this case, the degree of Bθ is
divided by m by [14, Example 2.1], and we call φ : X → P2 the cyclic cover
of degree m branched at Bθ.
Conversely, for a divisor B =
∑m−1
i=1 i · Bi such that B =
∑m−1
i=1 Bi is
reduced, if the degree of B is divided by m, then there exists the cyclic
cover of degree m branched at B by [14, Example 2.1]. The cyclic cover
φB : XB → P
2 branched at B is constructed as follows:
Let n be the quotient of degB by m, degB = mn. For the invertible
sheaf O(n) on P2, let pn : Tn → P
2 be the line bundle associated to O(n).
Let tn ∈ H
0(Tn, p
∗
nO(n)) be a tautological section. The variety XB is con-
structed as the normalization of X ′B defined by t
m
n = p
∗
nFB in Tn, where
FB ∈ H
0(P2,O(mn)) is a global section defining B, and φB : XB → P
2 is the
composition of the normalization XB → X
′
B and pn : Tn → P
2.
Note that a global section F ∈ H0(P2,O(n)) of O(n) corresponds to
a section P2 → Tn of the line bundle pn, denote it by the same notation
F : P2 → Tn. Since we have the morphism ppow : Tn → T
⊗µ
n
∼= Tµn defined
locally by (P, t) 7→ (P, tµ) for P ∈ P2 and t ∈ C, we can regard the equation
tµn − h = 0 as a defining equation of p
−1
pow(Im(h)) for a continuous map h :
C → Tµn from a reduced divisor C on P
2 to Tµn satisfying pn ◦ h = idC.
Theorem 2.4. Let B =
∑m−1
i=1 Bi and C be two plane curves on P
2 with no
common components. Assume that the degree B =
∑m−1
i=1 i · Bi is divided by
m, that all irreducible components of C are smooth, and that C is smooth at
all intersection points of C and B. Let φB : XB → P
2 be the cyclic cover
branched at B, and put n := degB/m. Let FB ∈ H
0(P2,O(mn)) be a global
section defining B. Then, for a divisor λ of m, say m = µλ, the following
conditions are equivalent:
(i) cB(C) = λ, where cB(C) := cφB(C); and
(ii) λ is the maximal divisor of m such that there exists a continuous map
h : C → Tµn satisfying the following conditions;
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(ii-a) pµn ◦ h = idC;
(ii-b) hλ = h⊗λ : C → T ⊗λµn = Tmn is coincide with the restriction FB|C
of FB to C; and
(ii-c) for each irreducible component C of C, there exists a global section
gC ∈ H
0(P2,O(µn)) such that h|C = gC |C.
Corollary 2.5. Assume the same assumption of Theorem 2.4, and that C
is a nodal curve. Then, for a divisor λ of m, the following conditions are
equivalent:
(i) cB(C) = λ; and
(ii) λ is the maximal divisor of m such that there exists a divisor D on P2
with λD|C = B|C as Cartier divisors on C.
3 Proofs
In this section, we prove Theorem 2.4 and Corollary 2.5. We first prove
Theorem 2.4.
Proof of Theorem 2.4. Let B =
∑m−1
i=1 Bi and C be two curves on P
2 with
no common components. Assume that all irreducible components of C are
smooth, that C is smooth at each intersection of B and C, and the degree
of B =
∑m−1
i=1 i · Bi is divided by m. Let φB : XB → P
2 be the cyclic cover
branched at B. Let pn : Tn → P
2, FB and φ
′
B : X
′
B → P
2 be the notation
used in the construction of φB : XB → P
2 in Section 2. Let κB : XB → X
′
B
be the morphism of the normalization. Since X ′B is smooth over P
2 \B, the
normalization κB gives an isomorphism κ
′
B over P
2 \B:
κ′B := κ|XB\φ−1(B) : XB \ φ
−1
B (B)
∼
→ X ′B \ (φ
′
B)
−1(B)
Hence the connected number cB(C) is equal to the number of connected
components of (φ′B)
−1(C \B). Let fC = 0 denote a defining equation of C.
If there exists a continuous map h : C → Tn satisfying the conditions (ii-
a), (ii-b) and (ii-c), then tµn− ζ
j−1
λ h = fC = 0 defines a subset C˜j of (φ
′
B)
−1(C)
for each j = 1, . . . , λ such that
⋃λ
j=1 C˜j = (φ
′
B)
−1(C), and C˜j \ (φ
′
B)
−1(B)
(j = 1, . . . , λ) are disconnected. Hence we have cB(C) ≥ λ. Thus it is
sufficient to prove that there exists a continuous map h : C → Tn satisfying
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the conditions (ii-a), (ii-b) and (ii-c) such that C˜j \ (φ
′
B)
−1(B) is connected,
where C˜j is the subset of (φ
′
B)
−1(C) defined by tµn − ζ
j−1
λ h = fC = 0.
Let C =
∑k
i=1Ci be the irreducible decomposition of C. We prove the
existence of such h : C → Tn by induction on the number k of irreducible
components of C. If C is irreducible, hence C is smooth, then Theorem 2.4 is
equivalent to [11, Theorem 2.1] (cf. [17, Theorem 2.7]). Moreover, the closure
of each connected component of φ−1B (C\B) is defined by t
m/λ
n −ζ
j−1
λ h = fC = 0
in Tn for j = 1, . . . , λ, where ζλ is a primitive λth root of the unity.
Suppose that k > 1, and let C1 :=
∑k−1
i=1 Ci and C2 := Ck with cB(Ci) = νi
for i = 1, 2. Moreover, we suppose that the closure C˜ij of each connected
component C˜′ij of (φ
′
B)
−1(Ci \B) is defined by t
µi
n − ζ
j−1
νi
hi = fi = 0 in Tn for
i = 1, 2 and j = 1, . . . , νi, where µi := m/νi, fi = 0 is a defining equation
of Ci, and hi : Ci → Tµin is a continuous map satisfying the conditions (ii-
a), (ii-b) and (ii-c) for Ci. Let ν be the greatest common divisor of ν1 and
ν2, let γi and δ be the integers νi/ν and m/(γ1γ2ν), respectively. Then we
have µ1 = δγ2, µ2 = δγ1 and m = δγ1γ2ν. We fix a primitive mth root
ζm of the unity, and we may assume that ζνi = ζ
µi
m . For each intersection
P ∈ C1 ∩ C2, we also fix an open neighborhood UP of P in P
2 such that
p−1n (UP )
∼= UP × C. For the continuous maps hi : Ci → Tµin (i = 1, 2) (resp.
FB : C → Tn), let hi,P : UP → C (resp. FB,P : UP → C) be the function
such that hi(Q) = (Q, hi,P (Q)) ∈ Tµin (resp. FB(Q) = (Q,FB,P (Q))) for any
Q ∈ UP under a fixed isomorphism p
−1
n (UP )
∼= UP × C. For P ∈ C1 ∩ C2, let
dP be a µ1th root of h1,P (P ). Then we have
FB,P (P ) = h
ν1
1,P (P ) = h
ν2
2,P (P ) = d
m
P , and h2,P (P ) = ζ
aP
ν2
dµ2P
for some integer 0 ≤ aP < ν2. Then we have the following claim.
Claim 1. The intersection C˜1j1 ∩ C˜2j2 ∩ (φ
′
B)
−1(P ) is non-empty if and only
if j1 − j2 ≡ aP (mod ν).
Proof. The intersection C˜1j1 ∩ C˜2j2 ∩ (φ
′
B)
−1(P ) is non-empty if and only if
there exists a complex number tP ∈ C such that t
µ1
P = ζ
j1−1
ν1 d
µ1
P and t
µ2
P =
ζaP+j2−1ν2 d
µ2
P . The later condition is equivalent to
j1 − j2 + (β1γ1 − β2γ2)ν ≡ aP (mod m)
for some integers β1 and β2. Hence, if C˜1j1 ∩ C˜2j2 ∩ (φ
′
B)
−1(P ) 6= ∅, then
j1 − j2 ≡ aP (mod ν).
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Conversely, if j1−j2 ≡ aP (mod ν), then aP = j1−j2+bν for some integer
b. Since γ1 and γ2 are coprime, there exist two integers α1 and α2 such that
α1γ1 − α2γ2 = 1; hence, by putting βi = bαi for i = 1, 2, β1γ1 − β2γ2 = b;
this implies that C˜1j1 ∩ C˜2j2 ∩ (φ
′
B)
−1(P ) 6= ∅.
We next prove the following claim.
Claim 2. Let C˜1j and C˜1j′ be closures of connected components C˜
′
1j and C˜
′
1j′
of (φ′B)
−1(C1 \B), respectively. Then C˜1j and C˜1j′ are contained in the closure
C˜ of a connected component of (φ′B)
−1(C \B) if and only if
[j − j′]ν ∈ 〈[aP − aQ]ν | P,Q ∈ C1 ∩ C2〉 ⊂ Z/νZ,
where [r]ν is the image of the integer r in Z/νZ.
Proof. Two connected components C˜′1j , C˜
′
1j′ of (φ
′
B)
−1(C1 \ B) are contained
in a connected component C˜′ of (φ′B)
−1(C \ B) if and only if there exists a
path p : [0, 1]→ (φ′B)
−1(C \B) such that p(0) ∈ C˜′1j and p(1) ∈ C˜
′
1j′. We may
assume that φ′B ◦ p(0) and φ
′
B ◦ p(1) are not intersection points of C1 and C2,
and that φ′B◦p(s) ∈ C1∩C2 for 0 < s < 1 if and only if either φ
′
B◦p(s+ǫ) ∈ C1
and φ′B ◦ p(s− ǫ) ∈ C2, or φ
′
B ◦ p(s + ǫ) ∈ C2 and φ
′
B ◦ p(s − ǫ) ∈ C1 for any
0 < ǫ ≪ 1. Since φ′B ◦ p(0) and φ
′
B ◦ p(1) are two points of C1, the number
of points Im(φ′B ◦ p) ∩ C1 ∩ C2 is even. Let 0 < s1 < · · · < s2k′ < 1 be the
sequence such that Im(φ′B ◦ p) ∩ C1 ∩ C2 = {φ
′
B ◦ p(s1), . . . , φ
′
B ◦ p(s2k′)}. Let
C˜′1ji and C˜
′
2li
for i = 1, . . . , k′ be the connected components of (φ′B)
−1(C1 \B)
and (φ′B)
−1(C2 \ B) such that p(s) ∈ C˜
′
1ji
for s2i < s < s2i+1 and p(s) ∈ C˜
′
2li
for s2i−1 < s < s2i, respectively, where s2k′+1 = 1, hence C˜
′
1jk′
= C˜′1j′ . Putting
Pi := φ
′
B ◦ p(si) for i = 1, . . . , 2k
′, by Claim 1, we obtain
ji−1 − li ≡ aP2i−1 (mod ν), and (1)
ji − li ≡ aP2i (mod ν) (2)
for i = 1, . . . , k′, where j0 = j. Hence, if C˜
′
1j and C˜
′
1j′ are contained in a
connected component C˜′ of (φ′B)
−1(C \B), then we have
j − j′ ≡
k′∑
i=1
(aP2i−1 − aP2i) (mod ν).
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Conversely, suppose that j − j′ ≡
∑k′
i=1(aP2i−1 − aP2i) (mod ν). We can
find integers 0 < ji < ν1 and 0 < li < ν2 for i = 1, . . . , k
′ satisfying the
equations (1) and (2). By Claim 1, there exists a path p : [0, 1]→ (φ′B)
−1(C \
B) with p(0) ∈ C˜′1j and p(1) ∈ C˜
′
1j′ . Therefore, C˜
′
1j and C˜
′
1j′ are contained in
a connected component C˜′ of (φ′B)
−1(C \B).
Fix a intersection point P0 of C1 and C2, we may assume that aP0 = 0
after multiplying ζ
−aP0
ν2 to h2. Then we have
〈[aP − aQ]ν | P,Q ∈ C1 ∩ C2〉 = 〈[aP ]ν | P ∈ C1 ∩ C2〉 ∼= Z/λZ,
where λ is the greatest common divisor of ν and aP for P ∈ C1 ∩ C2. We put
λ′ := ν/λ. Then we obtain
hγ1λ
′
1,P (P ) = d
µ1γ1λ′
P = d
δγ1γ2λ′
P , and
hγ2λ
′
2,P (P ) = (ζ
aP
ν2
dµ2P )
γ2λ′ = ζγ2ν(aP /λ)ν2 d
µ2γ2λ′
P = d
δγ1γ2λ′
P
for any P ∈ C1 ∩ C2. We define the continuous map h : C → Tµn by h(P ) =
hγiλ
′
i (P ) if P ∈ Ci for i = 1, 2, where µ := γ1µ1λ
′ = γ2µ2λ
′ = m/λ. The
map h satisfies the conditions (ii-a), (ii-b) and (ii-c). Moreover, by Claim 2,
tµn − ζ
j−1
λ h = fC = 0 defines a subset C˜j of (φ
′)−1(C) such that C˜j \ (φ
′)−1(B)
is connected for j = 1, . . . , λ.
We next prove Corollary 2.5.
Proof of Corollary 2.5. The existence of a divisor D on P2 with λD|C = B|C
implies the existence of a global section H ∈ H0(P2,O(µn)) with Hλ|C =
FB|C. Hence it is sufficient to prove that, for any continuous map h : C → Tµn
satisfying the conditions (ii-a), (ii-b) and (ii-c) in Theorem 2.4, there exists
a global section H ∈ H0(P2,O(µn)) such that H|C = h.
Let C =
∑k
i=1Ci be the irreducible decomposition of C. We prove the
above statement by induction on the number k of irreducible components of
C. In the case k = 1, it is obvious by the condition (ii-c). Suppose k > 1,
and put C1 :=
∑k−1
i=1 Ci and C2 := Ck. Let h : C → Tµn be a continuous
map satisfying (ii-a), (ii-b) and (ii-c). By the assumption of induction, there
exist two global sections H1, H2 ∈ H
0(P2,O(µn)) such that Hi|Ci = h|Ci for
i = 1, 2. We have the following exact sequence
OP2(µn− c1)⊗OP2(µn− c2)
(f1,−f2)
−→ OP2(µn)→ OZ(µn)→ 0,
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where ci is the degree of Ci, fi is a global section of OP2(ci) defining Ci for
i = 1, 2, and Z is the scheme defined by the ideal sheaf generated by f1
and f2. Since C is a nodal curve, C1 and C2 intersect transversally. Hence
OZ(µn) is the skyscraper sheaf with support C1∩C2 such that its stalk at each
intersection P ∈ C1 ∩ C2 is isomorphic to C. Since Hi|Ci = h|Ci for i = 1, 2,
the image of H1−H2 on OZ(µn) is zero. Hence there exist two global section
gi ∈ H
0(P2,O(µn − ci)) for i = 1, 2 such that f1g1 − f2g2 = H1 −H2. Then
H := H1 − f1g1 = H2 − f2g2 satisfies H|C = h.
4 Artal arrangements of degree b
In [1], Artal gave a Zariski pair (A1,A2), where Ai is an arrangement of a
smooth cubic Ci and its three inflectional tangents Li,j (j = 1, 2, 3) for each
i = 1, 2, i.e., Ci ∩ Li,j is just one point; putting Pi,j as the tangent point
of Ci and Li,j , the three point P1,j (j = 1, 2, 3) are collinear, but the three
points P2,j are not collinear. He distinguished the embedded topologies of
A1 and A2 by their Alexander polynomials. It is possible to distinguish their
embedded topologies by other invariants; the existence of dihedral coverings,
the splitting number and the linking set (see [18, 6]). In this section, we
generalize Artal’s Zariski pair by using the connected number. First we
define k-Artal arrangements of degree b.
Definition 4.1. Let B be a smooth curve on P2 of degree b ≥ 3 having k
total inflection points P1, . . . , Pk, and let Li (i = 1, . . . , k) be the tangent
line of B at Pi. We call B +
∑k
i=1 Li a k-Artal arrangement of degree b if
any three lines of Li (i = 1, . . . , k) do not meet just one point. In the case
of k = 3, we call a 3-Artal arrangement of degree b an Artal arrangement of
degree b.
Remark 4.2. In [6], a k-Artal arrangement is defined as an arrangement of
one smooth cubic and its k inflectional tangents. A k-Artal arrangement in
[6] is our k-Artal arrangement of degree 3.
We construct Zariski k-plets of Artal arrangements of degree b ≥ 4 by
using Fermat curves. For an integer µ ≥ 2, let Fµ be the curve defined by
xµ+yµ+zµ = 0. For each i = 1, 2, 3 and j = 1, . . . , µ, let P µi,j be the following
point
P µ1,j = (1:ζ
2j−1
2µ :0), P
µ
2,j = (0:1:ζ
2j−1
2µ ), P
µ
3,j = (ζ
2j−1
2µ :0:1),
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where ζ2µ is a primitive 2µ-th root of unity. For µ ≥ 3, Fµ is the Fermat
curve of degree µ, and P µi,j are the 3µ total inflection points of Fµ. Let L
µ
i,j
be the tangent line of Fµ at P
µ
i,j. Note that L
µ
1,j , L
µ
2,j and L
µ
3,j are defined by
ζ2j−12µ x− y = 0, ζ
2j−1
2µ y − z = 0 and ζ
2j−1
2µ z − x = 0,
respectively, and that Lµ1,j1 ∩L
µ
2,j2
∩Lµ3,j3 = ∅ for any j1, j2, j3. From Carnot’s
theorem (cf. [9, Lemma 2.2]), we have the following lemma.
Lemma 4.3 (Carnot, cf. [9, Lemma 2.2]). Fix integers µ, j1, j2, j3. There
exists a divisor D on P2 of degree d such that D|Lµi,ji
= dP µi,ji for all i = 1, 2, 3
if and only if (ζ2j1+2j2+2j3−32µ )
2d = 1.
Then we obtain the following proposition by Corollary 2.5 and Lemma 4.3.
Proposition 4.4. Let hµ, fµ,i (i = 1, 2, 3) be the following polynomials
hµ := x
µ + yµ + zµ,
fµ,1 := ζ2µx− y,
fµ,2 := ζ2µy − z,
fµ,3 := ζ
2µ−1
2µ z − x.
Let ν be a positive integer, and put b := µν. Let Bb,µ be the curve of degree
b defined by
fµ,1fµ,2fµ,3 g + h
ν
µ = 0,
where g is a general homogeneous polynomial of degree b − 3, i.e., Bb,µ is
smooth. Let φBb,µ : Xb,µ → P
2 be the cyclic cover of degree b branched at
Bb,µ, and put Lµ := L
µ
1,1 + L
µ
2,1 + L
µ
3,µ. Then cφBb,µ (Lµ) = ν.
Since the connected number cφB(L) is divisible by b for an Artal arrange-
ment of degree b, B+L, where L = L1+L2+L3, Proposition 4.4 implies that,
for any possible number ν as the connected number of Artal arrangements of
degree b, i.e., any divisor ν of b, there exists an Artal arrangement of degree
b, B + L, with cφB(L) = ν.
Theorem 4.5. Let b be a positive integer, and let µ1, . . . , µk be distinct divi-
sors of b. Assume that all Bb,µi are smooth. Let Bb,i be the Artal arrangement
Bb,µi +Lµi of degree b constructed as above. Then (Bb,1, . . . ,Bb,k) is a Zariski
k-plet.
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